We present a semimathematical model for the simulation of the impedance spectra of a rechargeable lithium batteries consisting of porous electrodes with spherical Li + intercalation particles. The particles are considered to have two distinct homogeneous phases as a result of the intercalation and deintercalation of Li + during charge and discharge. The diffusion of Li + ions in the two phases and the charge transfer at the solid electrolyte interface ͑SEI͒ are described with a mathematical model. The SEI and the electrolyte are modeled using passive electronic elements. First, this model is derived for a single intercalation particle consisting of two different solid phases. This model is then transformed to a continuous model and applied to a single porous electrode, where the sizes of the particles are assumed to have on average two grain sizes where the radii are Gaussian distributions. Finally, this model is further developed to simulate the impedance of a rechargeable lithium-ion battery. In general, aging of dynamic systems is a major concern and finding relevant aging mechanisms is then of vital importance. For batteries, many efforts have been undertaken in order to estimate the calendar life of these systems. In the case of the more recent Li-ion batteries, a lot of work was already performed within the Department of Energy's Advanced Technology Program ͑DoE-ATP͒. Electrochemical studies including impedance spectroscopy are widely used for that purpose. Unfortunately, these methods can only provide indirect proof of certain aging mechanisms. Therefore, additional research, such as postmortem analysis, is a prerequisite to determine the most relevant mechanisms that contribute to aging. Subsequently, these aging parameters then should be translated into electrochemical behavior that is monitored with electrochemical equipment. During the last decade, many aging mechanisms have been identified for Li-ion batteries. A wide overview that comprises cathode, anode, electrolyte, and current collectors is given in Ref.
In general, aging of dynamic systems is a major concern and finding relevant aging mechanisms is then of vital importance. For batteries, many efforts have been undertaken in order to estimate the calendar life of these systems. In the case of the more recent Li-ion batteries, a lot of work was already performed within the Department of Energy's Advanced Technology Program ͑DoE-ATP͒. Electrochemical studies including impedance spectroscopy are widely used for that purpose. Unfortunately, these methods can only provide indirect proof of certain aging mechanisms. Therefore, additional research, such as postmortem analysis, is a prerequisite to determine the most relevant mechanisms that contribute to aging. Subsequently, these aging parameters then should be translated into electrochemical behavior that is monitored with electrochemical equipment. During the last decade, many aging mechanisms have been identified for Li-ion batteries. A wide overview that comprises cathode, anode, electrolyte, and current collectors is given in Ref. 1 . The present model uses a transformation of a complex model in the time domain into the frequency domain, which is typically the outcome of impedance spectroscopy. The aging then is introduced via typical aging parameters identified in Ref. 1 . For the current calculations, the focus is on the positive electrode, as it has been reported recently that this electrode is the major source for aging. [2] [3] [4] The idea is to show the influence of potential sources of degradation on impedance with focus on aging, which may result in reduction of the particle size and changes in the particle size distribution, due for instance, to dissolution of material, and on changes in the solid electrolyte interface that may occur during the lifetime of a battery. Besides, when the system is subject to even small crystallographic changes, the diffusion coefficient may be altered as well.
LiNiO 2 and LiCoO 2 are well-known compounds for use as positive electrodes in lithium secondary batteries because of their high energy density and very high discharge potential. [5] [6] [7] [8] However, it is known that the structures of these materials are metastable and dependent on, for instance, the temperature or number of intercalated Li + ions. [9] [10] [11] [12] [13] To stabilize the structure and thus favor a good reversibility of the intercalation and deintercalation of Li + ions, mixed phases like Li x Ni 1−y Co y O 2 are used.
14 For instance, in contrast to LiNiO 2 , Li x Ni 0.8 Co 0.2 O 2 has a hexagonally layered structure that does not undergo a phase transition when Li + is removed from its lattice site, because the presence of the 20% Co in the ͑NiO 2 ͒ n slabs hinders the lithium-nickel vacancy ordering mechanism. [15] [16] [17] [18] However, according to the results of Saadoune et al., 15 the unit cell parameters and the Li + ionic diffusion coefficient change during the variation of the percentage of intercalated Li + ions during the electrochemical cycling. Because many of the commercial batteries today contain layered LiNi 0.8 Co 0.2 O 2 materials, the work presented here has focused on this material. In order to incorporate changes in the structure of the electrode compound, which as a result lead to different Li + ionic diffusivity, we treat the particles as spheres having two distinct and homogeneous phases in our computer model to simulate the electrochemical impedance spectroscopy ͑EIS͒. EIS is a powerful technique to study several aspects in a lithium cell, such as Li + -ion and electron migration mechanisms, interfacial phenomenon, and failure mechanisms. [19] [20] [21] [22] [23] [24] [25] [26] During an EIS experiment, a small perturbing current or voltage is applied to an electrochemical system and the measured response of the system is described as impedance, which is the ratio of voltage to current. Regardless of whether a potential difference or current is applied as signal, the impedance should be the same, because the response of the system is linear.
In the past the impedance response has been described by ideal equivalent-circuits elements, which lead to the difficulty of interpreting the parameters in terms of fundamental properties. Here we model the impedance of a lithium-ion battery using a semimathematical approach. First the impedance response is determined by mathematically solving the diffusion process in the particles. Following the method of Meyers et al. and Srinivasan and Newman, [27] [28] [29] we then combine this model with the theory for porous electrodes to describe the impedance of an electrode consisting of spherical particles with two different phases. The method has been further extended by Levi and Aurbach 30 using geometrically inhomogeneous electrodes. Assuming that the electron transport is much faster than the ionic diffusion in the electrolyte, the electrode is simply in series with the electrolyte, described by a resistor in the simulation of the impedance of the cell.
With this cell impedance simulation program we tested the influence of the state of charge, Li + diffusion coefficient, thickness of the solid electrolyte interface, and the particle distribution on the impedance of a lithium-ion battery. We concentrated particularly on the positive electrode and therefore, the parameters of the negative electrode and the electrolyte were kept constant in all simulations.
The Mathematical Model
Single spherical particle model.-In order to construct the model for simulating the EIS for a complete cell, the first approach is analyzing the single spherical particle impedance. This then is introduced in an assumed single porous electrode. Finally, the cell impedance is simulated by two of these porous electrodes separated by an electrolyte.
In Fig. 1 a schematic diagram is shown of a spherical Li + intercalation particle. The particle consists of two distinct phases denoted by 1 and 2. The radii R 1 and R 2 indicate the borders. The Li + self-diffusion coefficient in the two phases 1 and 2 are D 1 and D 2 , respectively. The spherical particle also contains a solid electrolyte interface ͑SEI͒ or film, with ⌽ 1 and ⌽ 2 the potential at both ends of the SEI.
In Fig. 2 a detailed picture is displayed of the interfaces along the radius of the spherical particle, and in Fig. 3 is its equivalent-circuit diagram. Also in Fig. 3 , the origins of the elements in the equivalent circuit are indicated in the recall of Fig. 2 . The diffusion in phases 1 and 2 denoted in Fig. 2 as Solid1 and Solid2 are described mathematically. This gives the component Z in Fig. 3 , referred to as the diffusion impedance component, and is described in more detail later on. It is assumed that ionic motion in the SEI or film occurs solely by drift and not via diffusion. From the above consideration, R film is the resistor of the SEI for ionic motion. This gives a resistive current density of i film
The charge separation across the film is described by C film , which then leads to a current density of
In Eq. 1 and 2, 1f , 2f , 1 , and 2 are the potentials at the interfaces of the SEI, as indicated in Fig. 2 and 3. The current density due to the charging and discharging of the electrochemical double layer at the inner and outer interface of the SEI is
The total current density of the inner interface of the SEI can be written as
where i faradaic is the faradaic current density, which can be related to the potential drop across the interface by the Butler-Volmer equation
In Eq. 5, U is the open-circuit potential of the charge-transfer reaction, and ␣ a and ␣ c are the anodic and cathodic transfer coefficients, respectively, where
is the exchange-current density, i.e., it can be regarded as the current amplitude in the ac signal, applied during the impedance measurement.
Diffusion impedance component.-The impedance component depends on the migration kinetics of the moving charge carriers. In the two-phase character assumed here, the migration is described by diffusion rather then by drift, because the voltage profile often shows sloppy behavior rather than a flat plateau. Besides, we assume the electronic mobility to be much faster than that of the intercalating Li + ions, and therefore, the diffusion of intercalating Li + ions in solids 1 and 2 are considered to follow Fick's law. In the time domain the diffusion equations in the two phases are
In the frequency domain the diffusion equations can be written as
Equation 2 can be solved analytically and its general solution yields
͓8͔
Here b 1 , b 2 , b 3 , and b 4 are constants. It can easily be seen that b 2 = 0, because c 1 ͑r = 0͒ has to be finite. b 1 , b 3 , and b 4 can be determined by the following boundary conditions 
The first and second boundary conditions are applied because the concentration profile as well as the flux of Li + ions have to be continuous at r = R 1 . At r = R 2 the flux has to be equal to the flux of the intercalating Li + ions, N intercalated , which is implied by the third boundary condition. Here i faradaic is the faradaic current density at the interface between the SEI and phase 2, and F is Faraday's constant. Linearization of the Butler-Volmer equation ͑Eq. 5͒ around open-circuit conditions 27 gives
Here ‫ץ‬U/‫ץ‬c 2 can be related to the first derivative of the charge/ discharge curve. In our simulation model the charge/discharge curve is fitted to a 4th degree polynomial, which is a function of the mol fraction ͑x͒ of Li + ions. From the five parameters a 0 , a 1 , a 2 , a 3 , and a 4 of the polynomial we can determine −͓‫ץ‬U͑x 0 ͒/‫ץ‬x͔ as
x 0 is determined from the state of charge ͑SoC͒ in percentage as x 0 = ͓1 − ͑SOC/100͔͒ and x 0 = SOC/100 for a positive and negative electrode, respectively. Finally −͓‫ץ‬U͑x 0 ͒/‫ץ‬c 2 ͔ can be calculated as
where M e is the molar mass and e is the electrode density. Now R ct1 and the diffusion impedance component Z, as depicted in the equivalent-circuit diagram in Fig. 3 , can be defined as
so that, with Eq. 10, the faradaic impedance is
To simplify the simulation program codes, the impedance term Z is defined as
Solving the constants b 1 , b 3 , and b 4 in Eq. 8 with the boundary conditions in Eq. 9, one can show that
and
Overall single particle impedance.-With Fig. 3 and Eq. 14, the overall single spherical intercalation particle can be determined as
R film , the SEI resistance per unit area, can be determined analytically as
where is the resistivity of the film and d its thickness. The capacity of the SEI can also be calculated analytically as
provided d Ӷ R 2 when treated as a spherical capacitor. Here is the permittivity of the SEI. In our model, however, it has been assumed that the capacitor of the SEI is a variable input value, which can come from experimental data.
Single porous electrode impedance.-Following the work of Meyers et al., 27 it can be shown that the total impedance of a single porous electrode is
Here L d is the thickness of the electrode, the electrolyte conductivity, the electrode conductivity, and is defined as
with the admittance The constant NORM in Eq 24 is introduced to ensure that after integration the correct interfacial surface area per unit volume, a s , will be obtained
Here N͑r 2 ͒ is the particle distribution function, which is simply chosen as
where f͑r 2 ͒ and g͑r 2 ͒ are both Gaussian distribution functions representing the two average grain sizes of the spherical particles. 
where R 2 is chosen to be equal to the average of the mean values of the Gaussian distribution functions f͑r 2 ͒ and g͑r 2 ͒. Here C film ͑r 1 ,r 2 ͒ is also considered to be an variable input parameter, which can be obtained from experiments.
Battery impedance.-Since the electrolyte impedance is determined by drift of ions, the total battery impedance can be obtained by simply considering the anode and the cathode to be in series with a resistor representing the impedance of the electrolyte ͑see Fig. 4͒ . The total battery impedance can thus be written as
R electrolyte is determined from the conductivity ͑͒ and the thickness ͑L electrolyte ͒ of the electrolyte as
Results and Discussion
The mathematical model developed in the previous section has been used to perform impedance simulations of a lithium-ion cell. In the simulations only the input parameters of the positive electrode were varied in order to investigate its influences on the total battery impedance. In Tables I-III the input parameters are presented for a battery impedance simulation. In Table II , a g1 and a g2 are the mean values of the Gaussian distribution functions f͑r 2 ͒ and g͑r 2 ͒, respectively, and g1 and g2 are their respective widths of the Gaussian distribution. Table III lists the fit parameters of the 4th polynomial function describing the voltage profile for the cathode and anode material, respectively. The influences of the state of charge, Li + diffusion coefficient, SEI, and particle size distribution on the battery impedance has been investigated. Tables I and II . Changing the state of charge has two direct consequences on two implicit parameters of the simulation model. The −͓‫ץ‬U͑x 0 ͒/‫ץ‬x͔ term and the relationship between r 1 and r 2 are being changed. If the charge/discharge curve is considered to be linear, at least between a state of charge of 20 and 80%, then the ͓−‫ץ‬U͑x 0 ͒/‫ץ‬x͔ should remain constant. However, since in our model the charge/discharge has been fitted to a 4th degree polynomial, the first derivative is not simply a constant. Nevertheless, the fluctuations stay within acceptable limits. The relationship between r 1 and r 2 are described by r 1 = ͱ 3 ͑SOC/100͒r 2 and r 1 = ͱ 3 1 − ͑SOC/100͒r 2 for the positive and negative electrode, respectively. It can be easily seen that for the positive electrode r 1 will increase if the state of charge increases. The opposite will happen for the negative electrode. As a result we can see in Fig. 5A that the impedance is being lowered for low frequencies, when the state of charge increases. Both terms that are being changed by the state of charge are related to the diffusion impedance component ͑see Fig.  3͒ , which describes the diffusion of the Li + ions in the spherical particles. The diffusion time constants we are dealing with here are typically in the order of seconds or higher, and therefore, contribution to the impedance spectrum can be expected only at frequencies say below 1 Hz. For high frequencies the impedance eventually becomes purely real, because the capacitor of the solid electrolyte shorted the electronic circuit as depicted in Fig. 3 . The highfrequency resistance is then equal to the electrolyte resistance, e.g., in our case about 180 ⍀.
Li ϩ diffusion coefficient.- Figure 6 displays the complex plane, magnitude, and phase angle of a battery simulation for different Li + diffusion coefficients in the two phases of the positive electrode. The state of charge was set to 70% and the rest of the input parameters were kept constant. An apparent inductive loop can be seen which is the result of the difference in the diffusion coefficient in the two different phases. The loop is significant when D 1 Ͻ D 2 . For D 1 = 1.0 ϫ 10 −10 cm 2 /s, it can be clearly seen that the complex plane graph has also negative imaginary values. In Fig. 6 , the change of the phase from 0.5 to 0.0 ͑resitance-capacitance behavior͒ at low frequencies is less visible if D 1 Ӷ D 2 , which confirms a different behavior of the complex plane graph.
An inductive loop calculated with the simulations here has been observed in real cells by Song et al., 31 Gnanaraj et al., 32 and Itagaki et al. 33 Song et al. explained the inductive loop by an adsorption process during lithium intercalation. They further concluded that their findings were consistent with the finding of Takasu et al., Clearly, by a change in the diffusion coefficients as a result of aging during the lifetime of a cell, a change in the overall measured impedance can be expected. This change is observed with a very characteristic behavior, and therefore, from impedance data on real cells, such a change in the impedance can then easily be attributed to a change in the diffusion coefficients.
Solid electrolyte interface.-The SEI thickness has been varied between 1.0 and 4.0 m. The complex plane graph is shown in Fig.  7A . The phase angle and magnitude graph is displayed in Fig. 7B . Because the resistor of the SEI is really pure, in the complex plane plot it results in a wider arc when the SEI film thickness increases. For low frequencies the complex plane graph remained the same except for the shift in the real axis as discussed above. The steepness of the complex plane graph for low frequencies is constant as the thickness, and thus, the SEI resistance increases. Due to the accepted nature of the SEI, i.e., charge transport is ohmic, the behavio of the diffusion part, i.e., at low frequencies, is not dependent on the SEI layer thickness ͑see Fig. 7͒ .
As expected, a change in the SEI layer thickness as a result of aging may lead mainly to a shift of the touchdown of the arcs; an increase in the SEI layer thickness leads to an increase of the overall impedance. Hence, this aging aspect is reflected in the impedance only by a shift in the touchdown of the arcs.
Particle size distribution.-Finally, the influence of the particle size distribution on the battery impedance has been calculated with this model. The particle size distribution is dependent on the four parameters, a g1 , a g2 , g1 , and g2 , of the Gaussian distribution functions f͑r 2 ͒ and g͑r 2 ͒. First, the mean value a g2 was varied while a g1 = 10.0 m, and their distributions, g1 = g2 = 1.0 m, were kept constant. From the complex plane graph ͑Fig. 8͒, it can be seen that the impedance tail at low frequencies decreases if the difference between the mean values a g1 and a g2 increases. A similar effect is observed when the Gaussian deviation or width, g1 and g2 , are both increased at the same time ͑Fig. 9͒. At high frequencies the particle size distribution function does not seem to have a large influence on the impedance. This is because the particle size distribution influences only the diffusion impedance component, which describes the diffusion of the Li + ions. Varying the particle sizes means a variation of the diffusion length and thus, the lowfrequency impedance. The diffusion impedance component is being shorted for high frequencies by the SEI capacitance, C film , and the first double-layer capacitor, C dl1 , the diffusion part of ions in the particles.
Hence, by a change in the particle size and/or particle size distribution as a result of aging, a possible difference is observed only in the low frequency range.
Conclusions
A semimathematical model has been developed to simulate the impedance of a rechargeable battery. The battery is assumed to consist of only porous electrodes with spherical Li + intercalation particles. The particles are considered to have two distinct homogeneous phases due to charge and discharge. The diffusion of the Li + ions in the particles is described mathematically by solving the diffusion equation. The SEI and the electrolyte are described by passive electronic elements. First the model was developed for a single Li + intercalation particle. Using a Gaussian particle distribution and porous electrode theory, the model was applied to simulate the total impedance of a rechargeable lithium-ion battery.
This model was used to investigate the influence of the state of charge, Li + diffusion coefficient, SEI, and particle distribution on the total impedance of a lithium-ion battery. Particular attention was given to the positive electrode. The parameters of the negative electrode and the electrolyte were therefore kept constant in all simulations.
The simulation results have shown that the state of charge, which determines the relationship between the radii of the two distinct phases, has an effect only on the impedance for low frequencies. The impedances apparently decrease as the state of charge increases. The difference in Li + diffusion coefficient in the two phases gives an inductive loop in the complex plane graph. This loop is large if ͑D 1 = 1.0 ϫ 10 −10 cm 2 /s͒ Ͻ ͑D 2 = 1.0 ϫ 10 −9 cm 2 /s͒. Because the SEI impedance is purely resistive, an increase of its thickness results only in a shift of the arc along the real axis. Finally, we tested the influence of the particle distribution on the impedance by varying the mean values and deviation or width of the Gaussian particle distribution functions. The results show that if the difference between the mean values of the two main average grain sizes of the particles becomes larger the impedance will also decrease. Similar effects were found for the case when the deviation of the Gaussian distribution increases. The effects were, however, only visible at low frequencies where diffusion of Li + ions occurs. Modifying the particle size distribution function results in a change of the diffusion length. The particle size distribution function is therefore related to the impedance component Z, which describes the diffusion process and is being shorted at high frequencies. Hence, by the variations in the measured impedances during the lifetime of a cell and comparing it with simulations it is possible to conclude what sort of aging mechanism is responsible for the fading of the cell.
